3 f o~ 2 Y

ENERGY STABLE FLUX FORMULAS FOR THE DISCONTINUOUS GALERKIN
DISCRETIZATION OF FIRST ORDER NONLINEAR CONSERVATION LAWS

TIMOTHY BARTH* AND PIERRE CHARRIER!

Abstract. We consider the discontinuous Galerkin (DG) finite element discretization of first order systems of conservation
laws derivable as moments of the kinetic Boltzmann equation. This includes well known conservation law systems such as the
Euler equations of gasdynamics. For the class of first order nonlinear conservation laws equipped with an entropy extension,
an energy analysis of the DG method for the Cauchy initial value problem is developed. Using this DG energy analysis, several
new variants of existing numerical flux functions are derived and shown to be energy stable.
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1. Introduction. Discontinuous Galerkin (DG) finite element methods for first order hyperbolic equa-
tions were introduced in the early works of Reed and Hill {19} and Johnson and Pitkaranta [15] with ap-
plication to nonlinear conservation law systems by Cockburn et al. 4, 3, 5). Fundamental to DG methods
is the use of approximation spaces that are devoid of interelement continuity in both space and time. The
multi-valued representation of the solution at interelement boundaries makes the evaluation of conservation
law fluxes ambiguous thus necessitating the introduction of a numerical fluz function, h(v_,vy4;n), a vector
function of two (or more) solution states and a geometric normal at interelement boundaries. The needed
numerical flux function can have design origins from exact or approximate solutions of the Riemann problem
of gasdynamics (10, 20, 14]. Alternatively, the numerical flux can be designed from a nonlinear energy anal-
ysis of the DG method for first order nonlinear conservation laws equipped with a convex entropy extension,
see Barth [2, 1]. This latter energy technique is used in the present analysis. Using the notation introduced
in later consideration of the Cauchy initial-value problem, one obtains from this analysis the following ezact
energy balance equation for the DG finite element method for a spatial domain integrated over N time
slabs
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This exact energy balance is derived using either of two different baseline numerical flux functions:

¢ Symmetric Mean-Value (SMV) Flux

1 1
hsmv(v-,v4;n) = §(f("'—) +f(v4)) — 5 hiuv(v-, v4+;n)

o

with
l —~
hiypy (v_,v4in) = [0 \AT(0);m)] 5, dOVE -

e Kinetic Symmetric Mean-Value (KSMV) Flux

1 1,4
hksmv(v-, v4+in) = 5(E(v-) + f(v+)) — 3 hsmv(V-,V+in)
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with
1
bfsmv(V-,V4in) = /0 (lv-n|m® m exp (¥(6) - m(v))) dO [v]%

where (-) denotes an integration in velocity-internal energy phase space and m(v) the vector of moments as
discussed later. Observe that the nonlinear energy balance (1.1) formally bounds the final solution in terms
of initial data. The discontinuous function space leads to energy removal in space and time proportional to
the matrix modulated square of solution jumps across the respective space and time interfaces.

In general, the numerical flux functions given here are too complex to permit the calculation of the needed
path integrations in closed form. Our strategy in this paper is to first develop the framework and theoretical
results given above. We then shift to our main objective, the development of approximate numerical flux
functions, happrox(V-,V4;m), that avoid these complicated path integrations without compromising our
ability to rigorously prove nonlinear stability. This is accomplished by requiring that the approximate
numerical flux formulas are more energy dissipative than the theoretically derived fluxes given above. This
task can be reduced to the satisfaction of either of two algebraic sufficient conditions (derived later)

+ + + +
[V]z_ : thV < [V];_ : hgpprox or [V]:_ : hii(SMV < [V]:_ ' hgpprox .

We then construct a number of approximate flux functions based on this strategy.

2. Background. Consider the Cauchy initial value problem for a system of m coupled first-order
differential equations in d space coordinates and time which represents a conservation law process. Let
u(z,t) : R x R* — IR™ denote the dependent solution variables and f(u) : R™ — R™*4 the flux vector.
The prototype Cauchy problem is then given by

ue+ f,i-’ti =0
@1 { u(z,0) = uo(a)

with implied summation on the index 1. Additionally, the system is assumed to possess an scalar entropy
extension. Let U(u) : R™ — R denote an entropy function and Fu):IR™ — IR? the entropy flux such
that in addition to (2.1) the following inequality holds

(2.2) Ue+ Fy, <0

with equality for smooth solutions. In symmetrization theory for first-order conservation laws (11, 17,12],
one seeks a mapping u(v) : R™ — R™ applied to (2.1) so that when transformed

(23) uvvi + f,ivv.fi =0

the matrix u , is symmetric positive definite (SPD) and the matrices f%, are symmetric. Clearly, if functions
U(v) : R™ ~» R and Fi(v) : R™ = R can be found so that

(2.4) u=u,, T =7r,
then the matrices

(25) uy = u,V,V1 f,iv = }—,lv,v

are symmetric. Further, we shall require that Z/(v) be a differentiable convex function such that
(2.6) lim 222 = 400

so that U(u) can be interpreted as a Legendre transform of U(v)

2.7) Uu) = sup {v.-u=-Uw)} .



From (2.6), it follows that 3 v* € R™ such that v-u — U(v) achieves a maximum at v*
(2.8) Uu) =v*-u—-U(v*) .

At this maximum u = U (v*) which can be locally inverted to the form v* = v(u). Elimination of v* in
(2.8) yields the simplified duality relationship

(2.9) Uu) = v(u) -u—-U(v(u)) .

Differentiation of this expression

(2.10) Uw=vl+ulv,-Usvu= vT

gives an explicit formula for the entropy variables v in terms of derivatives of the entropy function U(u)
(2.11) vi=U, .

Using the mapping relation v(u), a duality pairing for entropy flux components is defined
(2.12) Fi(u) = v(u) - f'(u) - Fiv(u)) .

Differentiation then yields the flux relation

(2.13) Fo=vT, + (F)Tva—Fivu= vifi,

and the fundamental relationship for smooth solutions

(2.14) v (ue+f)=Us+F, =0

which is exploited in nonlinear energy analysis.
Note that convexity of 4(v) implies positive definiteness of u,, and hyperbolicity of (2.1) {8, 17], viz.,
that the linear combination f u(n) = n; f*, has real eigenvalues and a complete set of real-valued eigenvectors

for all nonzero n € IR®. This result follows immediately from the identity

("',V)—l/‘zf,U(n)(“,V)l/2 = (‘I,V)_lnf,V(n)(“,V)_l/2

o

symm
which shows that f,(n) is similar to a symmetric matrix.

2.1. Kinetic Boltzmann Entropies. Consider the particular case of moment systems derived from
the kinetic Boltzmann equation with Levermore’s closure [16]. Boltzmann’s equation is given by

(215) f(.’E,’U,t),t +v- sz(x,v,t) = C(f)(I,'U,t) 1

with f(z,v,t) a nonnegative density function, v € IRY the velocity, and C(f) : R — IR the collision operator.
Moment systems are obtained by integrating in velocity space the Boltzmann equation over a vector m(v)
of linearly independant polynomials in velocity,

(2.16) (mf);+ (vimf)z, = (mC(f)) ,

where (1) denotes the integral of a measurable function v over velocity space. Without further assumption,
the fluxes (v; m f) cannot be expressed as functions of u = (m f). The closure of the system is performed by
assuming that the distribution function f has a prescribed form fg = fs(u) given by the minimum entropy
principle

(2.17) H(fs] = min{H[g} | (gm) = u} ,

where H|[g] = (glng) is Boltzmann’s celebrated H-function. Since H is a convex function the minimization
problem (2.17) is formally equivalent to

(2.18) fe =exp(v-m) ,
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where v = v(u) serves as the Lagrange multiplier associated with the constraint (g m) = u or equivalently
under the closure assumption

(2.19) u = (m exp(v(u) -m)) .

The moment system (2.16) can now be rewritten as

(2.20) u; +f,, =r(u),
where
(2.21) f' = (v; m exp(v(u) - m)) .

Observe that using the kinetic Boltzmann structure, we have that

(2.22) Uv) = {f) = {exp(v - m))

is a suitable conjugate entropy function and that

(2.23) U(u) = {(v(u) - m) exp(v(u) - m) — exp(v(u) - m))

is the corresponding entropy function so that the duality relationship (2.9) holds.

The simplest example of a moment system is obtained by taking m(v) = (1,v,|v]?/2)T corresponding
to mass, momentum, and kinetic energy. In this instance, the collision integral vanishes identically, r = 0,
and (2.20) is the well-known system of Euler equations (5 moments) for a monotonic gas. More complex
systems with 10, 14 or 35 moments have been considered in the literature [16]. In Appendix A, we give the
corresponding Euler equations moment model for v-law (polytropic) gases that is achieved by increasing the
dimension of the phase space to include internal energy I and utilizing the moments m(v, I) = (1,v,|v]?/2+
19T for 6 = (1/(y — 1) — d/2)~". In the case of the y-law gas, one obtains a conjugate entropy function in
IR? of the form

(2.24) U(v) = (c(v,d) exp(v-m)) , ¢(y,d) >0

which is still compatible with the desired exponential structure. For brevity, we will omit constants such as
¢(v,d) in our exponential form so that (2.22) may be regarded as an abstract form for (2.24) with suitably
chosen phase space. From (2.22) it is clear that

(2.25) U,y = (m®m exp(v- m))
is SPD, i.e. the following double contraction to a scalar is positive
(2.26) Uy, v, 2iZ; = ((m- z)? exp(v-m)) >0 ,]z| #0 .

Furthermore, U yu = U;}V is also SPD, hence U is also a convex function of u. Consequently every system
with the considered structure is hyperbolic symmetrizable and has a convex entropy U which is locally
dissipated. This technique provides one of the simplest proofs of convexity for entropy functions associated
with first order nonlinear conservation law systems derivable as moment closures of kinetic Boltzmann-like
equations. In the case of the Euler equations of gasdynamics, the reader should compare this technique with
the somewhat tedious proofs of convexity given in Refs. (12}, [13], [9]. Finally, we mention the following
general result for kinetic Boltzmann moment hierarchical systems which is used in later development.

LEMMA 2.1. Generalized Convexity of Boltzmann Moment Conjugate Entropies. Let IN =
{0,1,2,...} denote the set of nonnegative integers. All 2k derivatives of the kinetic Boltzmann moment
conjugate entropy (2.22)

U(v) = (exp(v - m))



are SPD for ke IN
% u

(2.27) b;?ﬂz,z, .z} >0, |2[#0 .

2k times

Proof. Successive differentiation of (2.22) 2k times yields the symmetric rank-2k x m tensor

8% U
(2.28) _6_\72—’?(‘,) =(m® mg ® m exp(V - m)) ,

2k times

followed by contraction to a scalar by a nonzero vector z € R™

2k
(2.29) —g—vz—L:lz, z,..,z) = {(m- z)* exp(v-m)) .

2k times
The moment vector m contains m linearly independent polynomials spanning R™. The condition m(v)-z =0
for fixed nonzero z and variable v would violate the assumption of linear independence, thus we conclude
that m(v)-z # 0 a.e., namely, except at points of measure zero in the phase space Lebesgue integration. The
term exp(v - m) is also positive for finite argument values in the phase space integration, hence we conclude
for nonnegative powers 2k

(2.30) ((m - z)?* exp(v-m)) >0

and the stated lemma. ®

2.2. The Eigenvector Scaling Theorem and Generalized Matrix Functions with Respect to
the Ay Inner Product. Next, we consider an important algebraic property of right symmetrizable systems
which is used later in the implementation of the DG scheme. Simplifying upon the previous notation, let
Ag=uy, A= ffu, A; = A; Ap and rewrite (2.3)

(2.31) Agvi+ Aivz, =0 .

The following theorem states a property of the symmetric matrix A; symmetrized via the symmetric positive
definite matrix Ag.

THEOREM 2.2 (Eigenvector Scaling). Let A € R™ ™ be an arbitrary diagonalizable matriz and S the
set of all right symmetrizers:

S={BeR"*"| B SPD, AB symretric}.
Further, let R € R™ " denote the right eigenvector matriz which diagonalizes A
A=RAR™!
with r distinct eigenvalues, A = Diag(/\lImlxm,,/\glm,xm,,...,/\,Im‘_x,,.,). Then for each B € S there

exists a symmetric block diagonal matriz T = Diag(Tm, xm;» Traxma - ey Trm.xm.) that block scales columns
of R, R=RT, such that

which imply that

Proof. Omitted, see [2]. m
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This last formula states a congruence relationship since R is not generally orthonormal and A does not
represent the eigenvalues of AB. We shall refer to R as containing “entropy scaled” eigenvectors. Note that
we can consider scalar combinations of A; with the same scaling properties for arbitrary n € R™,ie.

(2.32) Am)=n; A; = R(n)A(n) RT(n) , Ao = R(n) RT(n) .

Wavespeeds associated with the system (2.31) and the direction vector n are given by critical values of
the Rayleigh quotient

¢TAm)é  €TRm)A(m)RT(n)€ _ nTA(n)n m -
. Sl ke = R™, n = R¢, 0, ,
(2.33) Aot £ F(o) BT (m) € raranl ¢&,neR™, n=RE 6| #

which are simply elements of A(n). For use in later developments, it is useful to define a matrix func-
tion f Ao(“i) with respect to the Riemannian matrix Ap with critical values of the Rayleigh quotient given
by f(Au),i = 1,...,m. This matrix function takes a particularly simple form as given by the following
proposition:

_ PROPOSITION 2.3. Barth [2, 1]. Let Ag denote the SPD right symmetrizer of A such that A = AA,,
Ao = RRT, and A = RAR™!. The generalized matriz function f i,(A4) 18 symmetric and defined canonically
in terms of entropy scaled eigenvectors as

(2.34) f3,(A) = RF(WRT
where f(A) is performed componentwise.

Proof. Assume the desired critical values f(A) and the Rayleigh quotient producing them

T T D T T f. fi s,
nTf(A)n _ €TRIMNRTE & a,AE e L Re, g #0

2.35 = = 2
(2.35) - TRRTE €T Aot

see also (2, 1]. m

In later sections, the generalized matrix absolute value function |A|l;° will be required. Using Proposition
(2.3) stated above

(2.36) |4z, = RIAIRT .

_Finally, observe that using these scaled eigenvectors, R, we have the following equivalent representations’
of A and Ap that are used in later developments:

m m
(2.37) A=Y Nf®F, A=) fi®fi,
i=1 i=1
and
_ m
(2.38) 14|z, = INlFi®F
i=1

where 7; denotes the i-th column of R.

1These representations should not be confused with the spectral decomposition of a matrix by orthonormal transform.
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3. DG Finite Element Method. Let Q denote a spatial domain composed of nonoverlapping elements
T, Q=UT;, T;NT; =0, i # j and I" =]t",t"*![ the n-th time interval. It is useful to also define the
element set 7 = {T,T>,...,Ti7|} and edge set £ = {ey,e2,...,¢j¢}. To simplify the exposition, consider a
single variational formulation with weakly enforced boundary conditions. In the DG formulations (see (15, 3]
and references therein), functions are discontinuous in space and time, i.e.

vh= [Vt . € (PUTx )"}

For ease of exposition, we consider a spatial domain 2 which is either periodic in all space dimensions or
nonperiodic with compactly supported initial data. Consider the first order Cauchy system

{ u'¢+f"'zi =0 in

(3.1) u(z,0) = ue(z)

with A(n) = n; A; and A(n) = n; A;. The DG scheme with weakly imposed boundary conditions in time is
defined by the following stabilized variational formulation: '

Find v* € V" such that for all wh € V*
(3.2) B(v*, whgaL =0
where
B(v,w)gaL = /;“/(1(—u(v) wy — (V) - wg,)dzdt
+ [ () u(v(e) - W) - uv(en)) da

Q
+[ 3 [wam) = wiz)) - b(v(a.), vizs im) de

ecEVE
where h denotes a numerical flux function. Throughout, we consider numerical fluxes of the form
1
(3.3) h(v.,vy;n) = 3 (f(v—;n) + £f(vy;n)) — %h“(v_,v+;n) .

These fluxes are consistent with the true flux in the sense that f(v;n) = h(v,v;n).

3.1. DG Nonlinear Energy Analysis. Before presenting the nonlinear energy result, we recall some
supporting corollaries concerning entropy function/flux jump identities at space-time slab interfaces. Note
that throughout this section, we utilize the state-space parameterization

v(0) = v(z-) +0[v];*

(similarly across time slab interfaces) for use in state-space path integrations and the interface averaging
operator

(i = YE VD)

LEMMA 3.1. Interface Jump Identities. Barth (2, 1] Let Z(u), Z(v) : R™ — IR be twice differentiable
functions of their argument satisfying the duality relationship

(3.4) Zu)+Z(V)=Zyv .

The following jump identities hold across interfaces
1
(3-5) (Z]Zt — [Zv]Z2 vizs) + / (1-0)V]zt Zv (V@) V3t d6=0
0

(3.6) [2)7: - [2v]zt v(z-) —/.- 0 [Vt 2y v(F(0) [v;* dd =0 .
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Proof. Omitted, see [2, 1]. m

COROLLARY 3.2. Temporal Space-Time Slab Interface Identity. Barth [2, 1]. Let t. denote
a temporal space-time slab interface. The following entropy function jump identity holds across time slab
interfaces

(37) [ (2 =T e 1lir) do+ FIBEE I o =0
where

1
(3.8) 0 Wy = [ 200-8) Wit - Aa(wi@ (vt bz 20

COROLLARY 3.3. Spatial Space-Time Slab Interface Identity. Barth [2, 1]. Let z1 denote a
spatial element interface. The following entropy fluz jump identity holds across spatial element interfaces

1
(39) [P - (mE I002 o+ 5 [ (- 20) Bz - ATV db =0

z- z_

Note that in actual numerical calculations, it is desirable to use the variational form given by (3.2) since
integration by parts has been used to insure exact discrete conservation even with inexact numerical quadra-
ture of the various integrals. For analysis purposes, however, it is desirable to use the following equivalent
non-integrated-by-parts formulation:

Find v* € V" such that for all wh € V*
(3.10) B(v*,wh)gaL =0
where
vaAL—/../ ug+f' (V) dzdt
/ w(th)- [u] dz

+ /“Z/E [W]Z* - h¥(v(z_),v(z4);n) dz dt
+ [ 3 [

ee&
where h? denotes the flux dissipation term incorporated into the total numerical flux.

THEOREM 3.4. DG Global Entropy Norm Stability (Nonlinear Hyperbolic System). The
variational formulation (3.10) for nonlinear systems of conservation laws with convez entropy extension and
symmetric mean-value fluz dissipation

hdyy (v_,vain) = |[Alswv V2 o |lsuy = / |AT(®);n)] 5, d

is entropy norm stable with the following global balance:

1= £ 2 2412 N 0
(3.11) 3 2 (O 10+ Sz g e | + [vetyas = [ ve)e

ecf
with

1
|A(n)]| —/ (1-0) (/i+(v((5r);n),,1o —A—(V(l—e);n)go) do .



Proof. Repeated here from [2, 1]. Construct the energy balance for the interval [t2,tN] = U341 by
setting w = v and evaluating the various integrals. Consider the time derivative integral

/n,/,.. vTu’tdtdz=/“/" U,tdtdz:/Q([U]ig —[U]:’f) dz

and combine with the jump integral across time slabs. From Corollary 3.2

/J vTu,tdth/n VT () (ul dz—/[U],.. do+ SV I, 0 -

When summed over all time slabs, the first term on the right-hand-side of this equation vanishes except for
initial and final time slab contributions. Next, consider the spatial operator term and apply the divergence
theorem

(3.12) //vaf,__ d:z:dtz//an d:z:dt:/Z/ [F(v;n)|>* dzdt
nJQ nJQ n

eef

where F(v;n) = n; Fi(v). Combining all the space terms and applying Corollary 3.3

M= [ 5 [ (-WRimi + Qo3 WS + 5 b2 1) e
- /n;/ei[v]:j : (h"+/0 (1 - 26) A:((8)) [v)** do) drdt .

In summary, collecting all terms and summing over time slabs we have

Bviv)oas = 3 ( [ Wi as s gungE g, ot M)
n=0
:/QU(t’_V)dz—/Uto)da:+§( I (V)i lllen+U'Lace)

When written in this form, it becomes clear that a sufficient condition for energy stability is that for all time
intervals I™

(3.13) e

space —

>0

which serves as a design condition for the flux dissipation.
n 1 x4 d ! A = T4
I e = Z 3 v+ (hd+ [ (1-26) Ai(¥(9)) [V]Z* df ) dzdt
0

/"Z [z (e [ -0 Aw@) iz a) doct

/nzfe VE:- /GA (6)) [VIZ+ dode dt

eef
The choice
1
(3.14) b = bty = [ 1AEO)n, M
0
yields

e = / 3 / [v]Z+ -2 / ((1-9)A+(V(9);n) i, —0A"(¥(6);n) ,io) df [vI*+ dzdt

ecf
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B /;/ % LT -2 /0 (1-6) (A F(O):m)5, - A~ - 6);im)z,) 46 [VI5* dedt
1 )
= S[VIE - |A()| (V7! dzdt >0 .
[z /3 )| (VI7* dx

This completes the sufficient condition for energy decay in time. W

An important observation to be made concerning (3.13) and energy stability is that any flux dissipation h¢
for which

(3.15) [V - hiyy < V)T -1

is also energy stable with increased energy decay. This observation is used in later sections in designing
simplified flux functions for the DG method.

3.2. DG Nonlinear Energy Analysis for Kinetic Boltzmann Moment Closure Hierarchies.
In this section, we analyze nonlinear energy properties of the discontinuous Galerkin method assuming the
kinetic Boltzmann moment closure structure discussed in Sect. 2.1. Recall that in this framework

(3.16) u = (mexp(v-m)) , f* = (v;m exp(v - m))
with conjugate entropy given by
(3.17) U(v) = (exp(v-m)) .

Using these definitions, we briefy examine energy stability of the DG method for these moment closure
hierarchies.

THEOREM 3.5. DG Global Entropy Norm Stability of Kinetic Boltzmann Moment Closure
Hierarchies. The variational formulation (3.10) for nonlinear systems of conservation laws with conver
entropy eztension and kinetic Boltzmann moment closure symmetric mean-value flur dissipation

1
hQSMV(v_,vH n) = |Alksmv [VI3Y ,  |Alksmv = / {Jv - n| m ® m exp(v(f) - m)) d6
0

is entropy norm stable with the following global balance:

-1

(3.19) 1§Z@Mﬁw SV e ) + [ Ve = [ UGy d
2 e Waoa ™ W=l |dLexr q - q =

=0

with
1
|A(m)] =/0 2(1-0) (4*(F0)n)4, - A~ (01 ~6)in)z,) df -

Proof. By making the following generalizations
U(u) = ((v(u) - m) exp(v(u) - m) — exp(v(u) - m))
Ap(v) = (m ® m exp(v - m))
A(v;n) = {(v- n) m ® m exp(v - m))

A*(v;n);, = (v-n)*m@m exp(v -m)) ,
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we can appeal once again to the space-time slab jump identities stated in lemma 3.1 and corollaries 3.7
and 3.3. Using these definitions and results, the proof of theorem 3.4 applies without alteration up to and
including the equation

M= [ [ 50z (w4 [ (1~ 20) A5 " db) do e
ecEV®
-/ = JH0AE (h“ + (- 6) &) W d0) dz dt
e€ €
_/"2/%[\42 ./ole,ii(vw)) (V]2 dodrdt
ecE Ve

and the design condition

(3.19) nr,..>0.

space =

In the present case, the choice
(3.20) h? = higyy = /1 (|v-n|m ® m exp(V(d) - m)) df [v]7*
0
is sufficient
1, .2 ! e Te e z4
= [ 5 [30E 2 [ (a-6) A @@)ms, -0 4 GO1m);5,) @ 3 dad
1
= /nz/%[v];«; .2 A (1-6) (A+(v(e);n),§o - A" (¥(1 -0);n),;o) dé [v]Z+ dzdt
ecE V€
1 ) )
- = [VIE* - JA(0)| [VIZF dzdt 20 .
Ik

This completes the sufficient condition for energy decay in time for kinetic Boltzmann moment closure
hierarchies. m

4. Simplified Numerical Flux Formulas for the DG Method. The theoretical results of Sect. 3
provide the framework for constructing, analyzing, and proving energy stability for a number of simplified
numerical flux functions. This task is undertaken in the remainder of this section. We are unaware of any
previous DG analysis for systems (m > 1) of nonlinear conservation laws which rigorously establishes energy
stability for the fluxes considered here. Throughout, we use the notation A = RART as defined earlier with
A = diag()y, ..., Am) assuming ordered entries A\; < ... < Ap. For numerical fluxes such as the SHHLE and
SHLLEM flux, we also require that X, and X, be distinct in order that the construction be well defined.

¢ Symmetric Lax-Friedrichs Flux (SLF)

(4.1) Bse(v-, vaim) = 3 (F(v-3m) + £(v453) = 3 hmas [W(V)IE?
with

Amax = sup (Am(¥(6))) .
0<6<1

o Symmetric Lax-Friedrichs Matrix Flux (SLFM)
1 1
(4.2) hsuem(v—, v+in) = 5 (f(v-in) + f(viin)) - 5 h pm(V-, V4im)
with

thFM(V—1V+; n) = Amax (Ao(v-) + Ao(v4)) Vizt

B | =t
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and

Amax = sup (A (¥(6)))
0<8<1
e Symmetric Harten-Lax-van Leer Flux (SHLLE)
1 1
(4.3) hsuiie(v-, v4im) = 5 (f(v_;in) +f(v4;n)) - 5 hdyrLe(V-)V4in)

with
Amax + /\min

: : [f(v; )]t — 22maxAmin_
max — /‘min

Amax - Amin

[uW)L .

d
hSHLLE(V—1V+§ n) =

and

Amax = sup max(0,An(¥(6))) , Amin = inf min(0, A (¥(F))) .
0<o<1 0<6<1

e Symmetric Harten-Lax-van Leer Modified Flux (SHLLEM)

1 1
(4.4) hsuiLem(V-,v4;n) = 3 (f(v-;m) + f(v4;m)) - ) thLLEM(v—-’v+; n)
with
Amax + /\min 2A xAmin ity ! ~ -
thLLEM(V—’V-Hn) = ——"—.[f("m)]t — s u(v)]T - Z / fi@Fi o [v]tdd
Amax - Amm Amax - /\min i—9 YO

with

max(0, A, (9)) + min(0, X, (6)) 2 max(0, \,n(8)) min(0, A1 (8))

100 = (0 2m(®) —min(0, 0 0)) 0 T max(0, An(@)) —min(0, 1, (8)) O
and
Amax = ozt;ps)lmax(ﬂ, An(¥()) , Amin = Oér;fSlmin(O,/\l(V(B))) .
e Discrete Kinetic Symmetric Mean-Value Flux (DKSMYV)

(4.5) hokswv(v-, v4im) = 5 (F(v_;m) + £(v;m)) = 2 hifcomy (v—,V4in)
with

B swy(v-,v+im) = 3 (jv-nlm ® m (exp(v- - m(v)) + exp(v. - m(@))) V¥

= 3 (lv-nlm®m exp(v_ - m() (v
+3 (lv-nlm®m exp(v - m()) [V

Observe that explicit path f-integration has been avoided in all these simplified fluxes (except correction
terms in SHHLEM). In addition, we have the following theorem:

THEOREM 4.1. Energy Stability of Simplified Flux Formulas The variational formulation (3.10)
for nonlinear systems of conservation laws utilizing any of the candidate approzimate numerical fluzes (4.1),
(4.2), (4-3), (4-4), (4.5) is entropy norm stable in the sense of Theorem 3.4 or 3.5.

Proofs: Given on a cases-by-case basis.
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Symmetric Lax-Friedrichs Flux (SLF):

1
[V* By (vo, vain) = [V]2* - / |A®(8); )| 5, [V]E+ de
= / VIZ* - R(¥(0); m) |A(V(8))| BT (¥(6); m) [v]7* df

1
< sup (An(¥0)) / [VIZ* - R(¥(6); n) BT (V(6); m) [vI}* dB

0<8<
1
= sup (An(¥(6))) / VIE* - Ao((8)) [VIE* db
0<6<1 0
= sup (Am(¥(9) VIE* - [u(W)]*
0<a<1

= [V]:f ‘thF(V—yV+;D) n

Symmetric Lax-Friedrichs Matrix Flux (SLFM):

l —
[VE* - by (v—, vaim) = [V]* - / |A(¥(6); m) 4, [VIZ* db
= / VIZ* - R(¥(8); 0) |A(V(9))| BT (¥(6); m) [v]%+ do

< 1P (A (50) / VIE* - R(7(0); m) AT (v(0); m) [V]%* df

= sup (Am(¥(9))) / [VIZ* - Ao(¥(8)) [v]Z* do
0<9<1 0

Examining the scalar function

< U
9(8) = V]I - A (F(@O))V]T = [v]* - Fvz VONVIE
differentiation yields
o _
"= W(V(G))[[V]t, [V]t, [V]t, [V]t]
where the right-hand-side term denotes the rank-4 contraction to a scalar. But for systems derived as
moments of the kinetic Boltmann equation, we have from Sect. 2.1 that

g4
E;E:-[z,z,z,z] >0, |z} £0 .
Consequently, g(8) is convex for all 9,

9(0) <(1-6)g(0) +6g(1) ,
so that

it [ MIE - AT 2 86 < 3 (IVIE? - Aov-) M2+ WIE? - Ao(va) IVIE?)

MIz7 - (Ao(v-) + Ao(v4)) IVE?

[T R e

This yields

[V]:t ~thV(v_,v+;n) < sup (An(¥(9))) = [V]z+ ( )+A0(V+ ) [v]:*_*
0<h<1
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[V] hSLFM v_,vy;n) &

Symmetric Harten-Lax-van Leer Fluxes (SHLLE) and (SHLLEM):

Our first task will be to prove that
[Vt - héyv(v-,v4in) < [V]T - hdgrem(v-, vein)
followed by
[VIT - hduriem(vo, vein) < V] - By p(v-,v4in)

To do so, consider the symmetrization matrices A and Ag written in the form (2.37)

m m
A~=Z/\ifi®7.'i A=) Fi®F

i=1
and the following useful 2 x 2 matrix identity for A € R?*% and 4, € R?*?

max(0, A2} + min(O,)\l)A _ 2 max(0, Az) min(O,/\l)A

(46) IAIA-Q = max(O, ,\2) — min(o, Al) ma.x(O, /\2) - min(oa /\l)

as can be easily verified by substitution. Generalizing to m x m matrices with A} < Ay < ... £ Ay and
A1 < A, we can only represent the extremal values of \; exactly using the (4.6) ansatz whenever A\; A, < 0.
Consequently, we have a slightly more complicated identity for general m > 2

~_ max(0,As) + min(0, Ay) 2 max(0, Am) min(0, ,\1) -
AL, = max(0, A\;,) — min(0, /\I)A max(0, Ap,) — min(0, /\1 Z firiefn
with
fi= max(0, Am) + min(0, A1), 2 max(0,Am) min(0,A;) I\

max(0, A) — min(0, A;)"'  max(0, A\p) — min(0, A;)

_ max(0,An) (A] = min(0, A;)) + min(0, A,) (A7 — max(0, Amm)) >0
B max(0, Ay, ) — min(0, A;) =7

Next, consider the local path integral form of hd,,,

hyy(v-, v4in) = / A(9(0)) 5, [v]* df
m-1

< ) A(¥(6);n) — 02(8) Ao (V(6)) — Z fi@)r:i® fi) [vIZdé
i=2

with
R
and
1(8) = max(0, A (V(6))) + min(0, A (f((’)))
max(0, A, (¥(6))) — min(0, A, (¥(6))) ’
o2(8) = 2 max(0, A (¥(8))) min(0, A1 (¥(8)))

~ max(0, A (¥(8))) — min(0, A, (¥(8)))
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In addition, we will define the perturbed ratios?

(max(0, A (¥(6))) + 8(6)) + (min(0, A1 (V(8))) — ¥(6))
(max(0, A (V(8))) + 6(6)) — (min(0, A1 (¥(8))) — ¥(9))
2(max(0, A (¥(8))) + 4(6)) (min(0, A (V(6))) — ()
(max(0, A (¥(6))) + 8(6)) — (min(0, A1 (¥(6))) — ~(6))

for nonnegative bounded functions §(6) > 0 and v(8) > 0, 8 € [0,1}. Examination of the scalar quantity

G1(0) =

52 (9) =

1
11= [ - (H:OAF6)m) - 320 do(v16) [* b
/ (* - (1 OAFO):m) - 02(6) Ao((6))) [v]Z 40
- / VI RO -(al ) - o1(8 ))Aw)—(az(o)—azw)umxm) RT(9) [v]* d6

reveals that IT > 0 since for each component X; of A, i = 1,...,m, (omitting the dependence on )

2 max(0, Ap,) (max(0, Ap) + 6 — Ay)

( max(0, Am) + 6) — (min(0, A1) — 7)) (max(0, Am) — min(0, Ay))
24 min(0, A1) (min(0, A;) — v — Ai)

(max(0, Apm) + 8) — (min(0, A1) — ~)) (max(0, Am) — min(0, A;))

(01 —01) Ai — (G2 — 02)

T
>0.

Define infimum and supremum values of min(0, A; (#)) and max(0, A, (8)) respectively in the interval 8 € {0, 1]
as

Amax = sup max(0,A\n(¥(8))) , Amin = inf min(0, A, (¥(8)))
0<6<1 0<6<1

and set ¢(8) and () as follows
€(0) = Amax — max(0, A\, (¥(6))) >0, &(6) = min(0, A, (¥V(6))) — Amin >0 .
This renders ¢, (8) and &2(f) now #-independent, i.e.

~ Amax + Amin ~ 2AmaxAmin
o=y ——~ o 2=y — 5 -~

Amax - /\min Ama.x - /\min

Consequently, for I > 0 and f;(8) > 0 we have

1
Wit By = 01 - [ (@1@AFE)m) - 22(6)A0(36) 17 a8
1 m—1

—vlE- / Z fi()Fi @7 vt de

<t / (al(e)AW(e); n) - 52(0) A0(¥(6))) [v]* 48
—E / Z O IAGML

= - (& /0 A@(0)in) V]t d6 ~ 7 /0 Ao(¥(6)) Iv]* 20)

2Qur strategy will be to later define the nonnegative function §(4) as the “gap” between local value of max(0, Am(8)) and
the supremum value in the interval 8 € (0, 1] and similarly v(8) will represent the gap between the min{0, X, (8)) and the infimum
value.
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1 m—1

S D WICLELIG T

=2

= W - (3 lEvs )]t - (I - Bafu(v)]E)

_v]* /01 mzl £:(0) 7 ® 7 [V df
i=2
=[v]t- hdyrLem
<Mt (G Evi]E - VIF - Galu]E)
= [v]T -hdyie -
which completes the proof for the SHLLE and SHLLEM fluxes. m
Discrete Kinetic Symmetric Mean-Value Flux (DKSMV):

[V]t'hi‘<5Mv=[V]t"/0. (lv-n|m® m exp (V(d) - m(v))) [v]T db
=[v]E- <]v ‘njm®m /; exp (V(8) - m(v)) d9> v}t
= (|v-n|([v]t - m)? 1x v(8) - m(v .
= (ol (017 - m)? [ exp (¥10) - m(v)) )

Considering the scalar function
9(8) = exp (v(9) - m(v))
followed by twice differentiation
9"(8) = (v]f - m(v))? exp (¥(6) - m(v)) >0 .
Hence, g{(8) is yet another convex function so that
9(0) < (1-6)g(0) +6g(1)
and finally

(V] - hismyv = [VIT -/0 (lv-n|m ® m exp (V(6) - m(v))) [v]t db

<[v]t- -;—(lv -n|m® m (exp(v_ - m(v)) + exp(v4 - m(v)))) [v]E

= [V]i 'hg)KSMV n

5. Concluding Remarks. The analysis of this paper confirms energy stability for several numerical
flux functions that are of practical merit when used in computational fluid dynamics computations. Even
so, the theoretical framework developed here applies more generally and has application to many nonlinear
conservation law systems with entropy extensions that are not explicitly discussed here. In these settings,
the analysis presented may be invaluable because there may not be the large body of numerical methods
developed before hand to guide the development of new numerical fluxes, discretization, and stabilization.

Our general goal is to pursue these new problem areas in forthcoming work.

Appendix A. The exp(v - m(v,I)) Boltzmann Moment Structure for a y-Law Equation of

State. For a v-law (polytropic) gas, one has

p=(y—1)pe, T=(y-1).
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Following Perthame [18], we consider the following Maxwellian in IR? for a y-law gas:

. — P —(Ju—~v|2/2+1%)/T
(Al) f(p,u,T,v,I) = a(’y,d) Td/2+1/8 e
with
1
0=—7"3
v—1 2
and

a(v,d) =/ e-lvl’/zdu-/ e 'dr .
R4 Rt

Using this particular form, Perthame shows that the Euler equations for a y-law gas are obtained as the
following moments

1
(A.2) m(v,I) = ( v )
|v|2/2 + I¢

u=mp), f=@mn), O=[ [ Odw.

The nonobvious energy moment |v|?/2 + I® was devised by Perthame rather than the more standard moment
[v|2/2 + I (see for example [6, 7]) in order that a classical Boltzmann entropy H(f) = flog f be obtained.

Let us now verify that this choice of moments yields an exponential form for the conjugate entropy
function of the form

U(V) = (f) = (C(‘Y, d) exp(v : m(v, I))) ’ 0(71 d) >0

which is sufficient for our purposes. Inserting the expression for § into the temperature term appearing in
the Maxwellian yields

) 1 P —(lu—v]?/2+1%)T
(A.3) f(p,u,T,v,I)—m'm:r)e

and compare this with the expression exp(v - m) obtained using the entropy function?®

ps
U(u) = -
W=-5-7
so that
u 2 2
T BETT Z_A—Ll - J?% log (7i76=n )u"' - J'z‘iTIT
v=Uu= T = T
-1 -4
T T
and finally
. = o=/ __P —(lu—v|?/2+1%)/T
exp(v-m(v,I)) =e TUGD © .

Comparing with (A.1), we obtain the exponential form for the conjugate entropy function

Uv) = (f) = (c(7,d) exp(v - m(v, I)))
with
e/ (r=1)
c(v,d) = W >0.

3The choice of 1/(y — 1) scaling of the entropy function comes from our desire to match the p/T!/(7=1!) term appearing in
Perthame’s Maxwellian



